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Small-Signal Stability for Parallel-Connected
Inverters in Stand-Alone AC Supply Systems
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Abstract—This paper presents a small-signal analysis for
parallel-connected inverters in stand-alone ac supply systems.
The control technique of the inverters is based on frequency and
voltage droops, which depends on the local variable measurements
and does not need control interconnections. Simulation and
experimental results show that the system is well represented by
the small-signal model. Some root locus plots for the system are
provided, which make the stability studies and design easier.

Index Terms—Frequency and voltage droops, parallel connec-
tion, small-signal stability, voltage inverters.

I. INTRODUCTION

NOWADAYS, the proliferation of critical loads (e.g., satel-
lite systems, air traffic control systems, Internet nodes,

bank transactions, and life support equipment) implies the ne-
cessity of high-reliability uninterruptible power supply (UPS)
systems. The UPS system reliability can be improved substan-
tially by parallel connection of two or more units, as can be seen
in [2], [3], and [12].

Several approaches to connect converters in parallel are pro-
posed in [4], [8], [14], [15], [18], and [23]. All these schemes
require control interconnections to provide load sharing. In
order to increase the system reliability by addition of redun-
dancy, it is necessary to minimize the control communications,
the master–slave relationship between the units connected in
parallel must be avoided, and all units must be identical [22].
These requirements can be satisfied by the control scheme for
parallel-connected inverters based on frequency and voltage
droops, which is derived from electric power system control
[3], [5]–[7], [9], [11], [12], [19]. The important characteristic of
this kind of controller is that it uses only those variables that can
be measured locally at the inverter, avoiding communication
between control units of each inverter. This implies that whole
stand-alone system composed of several units connected in
parallel presents high reliability.

This paper provides a small-signal model for parallel-con-
nected inverters to aid designers to choose the slope of droop
characteristics as a function of the desired dynamic behavior
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of the system. Dynamic stability of electric power systems has
been the subject of several studies for many years. Reference
[21] shows how to perform the small-signal analysis for an ar-
bitrary number of interconnected synchronous machines, using
the techniques of modern control theory, where the system is
described by a set of differential equations in state space of the
form

(1)

In this case, the system input vector is a function of the state
variables (see Section IV), resulting in the homogeneous
equation (2), which describes the free motion of the system

(2)

Reference [21] presents a method of building up thema-
trix of the multimachine power system from the submatrices de-
scribing individual elements of the synchronous system. Using
a similar method, this paper shows how to build thematrix
of the system composed by an arbitrary number of parallel-con-
nected inverters using a control strategy based on frequency and
voltage droops.

II. CONTROL SCHEME

A stand-alone power system fed by parallel synchronous ma-
chines presents inherent operating characteristics as follows.

1) Fast frequency variation or speed derivatives are limited
by rotor inertia.

2) There is a natural coupling between the operating fre-
quency and active output power, that is, to constant me-
chanical input power, the operating frequency decreases
when the output power increases.

3) Two or more synchronous machines connected in parallel
tend to remain in synchronism due to the synchronizing
torque component.

4) The system stability depends on the existence of sufficient
synchronizing torque and damping torque components.

5) Voltage stability is dependent on the demand for reactive
power [13].

On the other hand, the power inverters do not present this nat-
ural connection between frequency and active output power, nei-
ther between output voltage and reactive output power. There-
fore, in order to reach stable operation, when the inverters are
connected in parallel, these inherent operating conditions must
be established by the inverter’s control system. Fig. 1 shows
the control scheme of each inverter connected in a stand-alone
system. Each inverter presents a classical pulsewdith modula-
tion (PWM) controller with an inner current loop and an outer
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Fig. 1. Single-phase inverter connected to stand-alone system.

Fig. 2. Frequency and voltage droop.

voltage loop, both using proportional plus integral (PI) compen-
sators. The sinusoidal reference for the outer voltage loop of
each inverter is obtained in the reference block from the ampli-
tude signal and frequency signal defined by power droop char-
acteristics. Active power and reactive power are obtained in the
power calculation block using a computational algorithm. Dif-
ferent from those specific schemes presented in [10] and [20],
this one does not provide suitable current sharing under non-
linear loads. With the limited resources available in the labora-
tory, this work has concentrated on single-phase inverters, but
the results can be easily extended to three-phase inverters with
the additional advantages of the instantaneous power theory [1].

III. SMALL -SIGNAL ANALYSIS OF EACH INVERTER

Inverter output frequency and inverter output voltage are
controlled by the droop characteristics defined by (3) and (4),
respectively, which are represented in Fig. 2

(3)

(4)

In order to ensure the control laws defined by (3) and (4),
it is necessary to measure the output power of each inverter.
This measuring block uses a low-pass filter which makes the
bandwidth of the power flux controller much smaller than the
one of the voltage control loop of the inverter; then, the perfor-
mance of the control will suffer a hard influence of this filter.
In addition, the bandwidth of the inverter voltage control can be

increased using several techniques, as can be seen in [16] and
[17]. The inner controllers of the inverter have to provide ac-
tive damping for possible oscillations between the output filters
of the inverters and the transmission line, as can be seen in [3].
Therefore, we can consider the inverter an ideal voltage source
with controllable amplitude and frequency. Then, the active and
reactive output power obtained by the measuring block is given
by (5) and (6), where is the cutoff frequency of the measuring
filter and is the Laplace operator

(5)

(6)

According to [6], the linearized control equations of the
system are

(7)

(8)

Thus, considering (7) and (8) in the time domain,

(9)

(10)

where denotes the small deviation of the respective variable
from the equilibrium point and a dotted variable represents the
derivative with respect to time.

Considering a common– reference frame for all inverters,
we can represent the vectoras

(11)

where

(12)

(13)

(14)
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Linearizing the equation for, which is the angular position
of the vector , we have

(15)

then, it follows that

(16)

where

(17)

(18)

Since

(19)

it implies that

(20)

Considering that

(21)

we can linearize (21), thus,

(22)

where

(23)

(24)

It follows that

(25)

Solving the equation system formed by expressions (10),
(20), (22), and (25) for variables and , we have

(26)

(27)

Considering (9), (26), and (27), we can obtain the state equa-
tion (28), which describes the behavior of each inverter

(28)

Fig. 3. Stand-alone system with two inverters.

IV. SMALL -SIGNAL ANALYSIS FOR THEWHOLE SYSTEM

In order to make this analysis easier, we consider a system
composed of two inverters connected to a network, as shown
in Fig. 3, but it can be extended for an arbitrary number of in-
verters.

Since the variation in the network frequency is considered
very small, the network is assumed to be completely described
by the nodal admittance matrix equation

(29)

We can transform the complex equation (29) in its real form

(30)

Equation (30) can be written symbolically as

(31)

Linearizing the algebraic expression (31), we have

(32)

Considering the expressions for active and reactive power
supplied by each inverter,

(33)

(34)

It implies that

(35)

which in symbolic form is

(36)
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TABLE I
SYSTEM PARAMETERS AND EQUILIBRIUM POINT

Substituting (32) in (36), we obtain

(37)

The state equation for the whole system can be written as [see
(28)]

(38)

which is written symbolically as

(39)

Combining (39) and (37), we have

(40)

Considering that

(41)

or symbolically

(42)

Substituting (42) in (40), we have

(43)

where

(44)

Equation (43) describes the free motion of the system for
small disturbances around the equilibrium point, that is, the be-
havior of the , , , , , and around
an operating point defined by , , , , , and from
a given small initial condition. The power flow analysis must be
done to calculate the operating point.

V. SIMULATION RESULTS

Some simulations were made in order to validate the present
small-signal analysis. Two examples for different frequency and
voltage droop coefficients are presented in simulation studies.

A. Example I

These simulation results were obtained considering the
system shown in Fig. 3 with the parameters presented in
Table I. The offset of frequency droop and voltage droop was
tuned so that each inverter provides the power specified in
Table I at 377 rd/s.

Considering that the initial active and reactive output powers
are zero, and that initial vectors and are in phase, we
can build the matrix of the system, and obtain the respective
eigenvalues, which are
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Fig. 4. Frequency waveform of inverters 1 and 2.

According to [3], the set of angles is linearly dependent,
and matrix is singular and has a zero eigenvalue. Only the
nonzero eigenvalues of are important for the stability studies.
Then, the system presents five negative real eigenvalues and,
consequently, it has a stable damped response. Fig. 4 presents
the frequency waveform of each inverter obtained by (43) and
the simulation of the system in Pspice, which corresponds to the
numerical solution of the nonlinear system equations. We can
observe that the system is well represented by the small-signal
model. It is important to keep in mind that (43) provides the
deviations from the equilibrium point, and that the behavior of
variables is determined by the following equation:

(45)

The active and reactive powers are presented in Fig. 5. The
oscillations at 120 Hz are not completely eliminated by the
measuring filter from the power measurements. The reactive
power flux is faster than the active power flux and both present
a damped response.

Fig. 5. Active and reactive power.

B. Example II

Using the same procedure for Example I, but increasing
and ten times, we can build the matrix again, obtaining
the following eigenvalues:

Now, the system presents eigenvalues with a nonzero imagi-
nary part, therefore, with an oscillatory response. The negative
real part of eigenvalues implies that oscillations are damped.
Fig. 6 presents the frequency waveform of the inverters by the
small-signal model and simulation in Pspice. The results are
very close one more time.

The active and reactive powers are presented in Fig. 7. The
power flux in this case is faster than in Example I, but it is un-
derdamped.

VI. EXPERIMENTAL RESULTS

Two PWM inverters were assembled in order to validate
theoretical studies. The scheme for each inverter is shown
in Fig. 8. It consists of a single-phase insulated gate bipolar
transistor (IGBT) inverter connected to a stand-alone ac system,
as seen in Fig. 3. The inverter presents a classical PI control
with inner current loop and outer voltage loop. The dc bus
was obtained by a three-phase rectifier, which implies that
only positive active power flux is possible. The part of the
scheme shown in the shaded area consists of the power flux
control, which uses a 133-MHz PC computer and an acquisition
system (PC30DS). Besides the power flux control function,
the control software presents two other functions. First, we
have a phased-locked-loop (PLL) block used to synchronize
the inverter with the stand-alone system. Second, we have a
control loop used to eliminate the average current presented in
the system due to a small offset in the inverter output voltage.

First of all, inverter 1 is connected to the system supplying
all the load. The IGBT gate drivers of inverter 2 are disabled,
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Fig. 6. Frequency waveform of inverters 1 and 2.

Fig. 7. Active and reactive power.

and then the switchSW1is closed. An ac voltage appears in
the filter capacitor of inverter 2 due to the stand-alone system.
Therefore, the reference voltage of inverter 2 is synchronized
with the capacitor voltage by the PLL block. When reference
voltage and output voltage are in phase,SW2(software switch)
is changed from state 1 to state 2, and the IGBT gate drivers are
simultaneously enabled through a parallel port.

Two tests for different frequency and voltage droops were
done and the respective results are presented next. In each test,

the frequency droop and voltage droop offsets were tuned in a
way that the inverters share the load as specified in Table II.
Inverter frequency waveforms are presented and compared with
the frequency defined by the small-signal model.

The acquisition system presents a digital second-order filter
with cutoff frequency at 1 kHz in order to eliminate the inverter
switching noise. The samples are transferred to computer using
direct memory access (DMA) techniques. Both the acquisition
system and digital power control loop run at 5 kHz.

A. Test I

The parameters used in Test I are presented in Table II. The
values have no particular reason, being defined as a function of
the resources available in the laboratory. Fig. 9 presents the ex-
perimental inverter frequency and the inverter frequency defined
by the small-signal model. The power flux control, the control
loop for average output current, and the IGBT gate drivers were
enabled 0.1 s after the acquisition system started to save data.
It can be seen that the real system is well represented by the
model. Before the power control and the IGBT gate drivers are
enabled, the behavior of the frequency of inverter 2 is defined
by the dynamic response of the PLL block.

Fig. 10 shows the active and reactive powers provided by both
inverters. Before the power flux control is enabled, inverter 1
supplies all the load and the active output power for inverter
2 is zero. We can observe that, after inverter 2 is connected to
the system, the load active power is conveniently shared by the
inverters.

The filter capacitor of inverter 2 provides a reactive power
for the stand-alone system, then, the reactive power for inverter
2 does not start from zero. It can be seen that the reactive powers
do not converge exactly to the set point specified in Table II, but
it is important to take into account that an error of 1.0 V in in-
verter output voltage implies a deviation of 2000 var in reactive
power setpoint, considering a voltage droop of 0.0005 V/var.

The output voltage and output current for each inverter are
shown in Fig. 11. The current scale is enlarged ten times. Ob-
serving the amplitude and phase of the output current and output
voltage of each inverter, we can verify its correspondence with
the power fluxes obtained.

B. Test II

The parameters used in Test II are the same as those presented
in Table II, except that and for both inverters were in-
creased ten times, that is, W/rd/s and
V/var. Fig. 12 presents the experimental inverter frequency and
the inverter frequency defined by the small-signal model. The
power flux control, the control loop for average output current,
and the IGBT gate drivers were enabled 0.05 s after the ac-
quisition system started to save data. Now, the system is faster
than the performance presented in Test I and presents an under-
damped oscillatory response.

Fig. 13 shows the active and reactive power for the inverters.
The sharing of power flux is performed faster than in Test I.

The output voltage and output current for each inverter are
shown in Fig. 14. The current scale is ten times higher than the
normal scale. As can be seen in Test I, the current and voltage
waveforms correspond to the power fluxes obtained. Before it
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Fig. 8. Scheme for each inverter.

TABLE II
SYSTEM PARAMETERS AND EQUILIBRIUM POINT
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Fig. 9. Test I—real and model inverter frequency.

Fig. 10. Test I—active and reactive power for both inverters.

is connected to the system, the output current in inverter 2 is
due to the current in the filter capacitor, that is, the current from
inverter 2 lags by 90the system voltage.

Fig. 11. Test I—output voltage and output current for both inverters.

Fig. 12. Test II—real and model inverter frequency.

VII. D YNAMIC BEHAVIOR OF THE SYSTEM

In order to understand the dynamic behavior of the system,
some root locus plots are shown as a function of given system
parameters. Fig. 15 shows the root locus plot for the system (see
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Fig. 13. Test II—active and reactive power for both inverters.

Fig. 14. Test II—output voltage and output current for both inverters.

Fig. 3 and Table II) considering a variation of the coefficients
and from 0.0001 to 0.01 rd/s/W (V/var). Note that the

system has an underdamped response for higher values of the
parameters and . The critical damping occurs for

rd/s/W (V/var). The pole at origin ( ) does not
move and the system remains stable over the entire range. It is
important to take into account that higher values ofimply
larger frequency changes and the small-signal model does not
represent the system very well.

Fig. 16 shows the root locus plot for the system as a function
of the variation of the inductance of the transmission line from
0.1 to 10 mH, considering rd/s/W (V/var). It
can be seen that the system becomes unstable for lower values of
the transmission line inductance. It is important to bear in mind
that a minimal impedance to connect inverters in parallel is nec-
essary. It is possible to find in electrical power system generators
bussed together at their terminals, but, in this case, the load com-
pensation control uses the internal impedance and regulates the
voltage within the generator to provide the load sharing [13].
Internal states instead of output voltage must be controlled to
provide load sharing for inverters connected in parallel at their

Fig. 15. Root locus plot0:0001 < k = k < 0:01.

Fig. 16. Root locus plot0:1 < L < 10 mH.

Fig. 17. Root locus plot0:75 < ! < 75:4 rd/s.

terminals. The control scheme shown in Fig. 8 is not suitable for
this approach.

Fig. 17 shows the root locus plot for the system as a function
of the measuring filter cutoff frequency () over the range from
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0.75 to 75.4 rd/s. The system response becomes underdamped
for lower values of cutoff frequency. The higher the cutoff fre-
quency, the faster the system response, since the power signal
ripple does not cause the system instability, because this fact is
not considered by the model.

VIII. C ONCLUSION

This paper has presented a small signal analysis for parallel
connected inverters in stand-alone AC supply systems, which
makes stability and performance studies easier. Simulation and
experimental results show that the system is well represented by
the proposed small signal model.

Based on the model, several root locus plots as a function of
the system parameters can be obtained in order to help designers
to define optimal values of , , transmission line inductance
and measuring filter cutoff frequency for an improved perfor-
mance of the system.
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